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Abstract
Production and inventory planning have become crucial and challenging in nowadays com-
petitive industrial and commercial sectors, especially when multiple plants or warehouses are
involved. In this context, this paper addresses the complexity of uncapacitated multi-plant lot-
sizing problems. We consider a multi-item uncapacitated multi-plant lot-sizing problem with
fixed transfer costs and show that two of its very restricted special cases are already NP-hard.
Namely, we show that the single-item uncapacitated multi-plant lot-sizing problem with a single
period and the multi-item uncapacitated two-plant lot-sizing problem with fixed transfer costs
are NP-hard. Furthermore, as a direct implication of the proven results, we also show that a
two-echelon multi-item lot-sizing with joint setup costs on transportation is NP-hard.
Keywords: multi-plant lot-sizing; production planning; computational complexity; NP-hard.
1 Introduction
Multi-plant problems are of very practical interest as they often arise in the structure of modern
supply chains. The multi-item uncapacitated multi-plant lot-sizing problem with fixed transfer
costs consists in determining a production, storage and transfer planning to meet time varying
deterministic demand requirements of multiple items for each of the plants on a multi-period plan-
ning horizon while minimizing the total cost. We believe this problem attracts interest from both
theoretical and practical perspectives due to its simple structure and fundamental characteristics.
In this paper we analyze the complexity of the multi-item uncapacitated multi-plant lot-sizing
problem with fixed transfer costs and show that two of its very restricted special cases are already
NP-hard.
Certain simple well-known uncapacitated production planning problems were shown to be poly-
nomially solvable, such as the uncapacitated economic lot-sizing problem (Wagner & Whitin, 1958)
and some of its multi-level variants (Zangwill, 1969; Melo & Wolsey, 2010). The economic lot-sizing
problem, however, becomes NP-hard when time dependent capacities exist (Bitran & Yanasse,
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1982). On the other hand, other production planning problems are already NP-hard even in their
uncapacitated variants, such as the joint-replenishment problem and the one-warehouse multi-
retailer problem (Arkin, Joneja, & Roundy, 1989; Cunha & Melo, 2016b). Furthermore, other
NP-hard uncapacitated production planning problems but with additional restrictions which imply
that one cannot really produce an unlimited amount include the uncapacitated economic lot-sizing
with remanufacturing (Retel Helmrich, Jans, van den Heuvel, & Wagelmans, 2014; Cunha & Melo,
2016a) and the uncapacitated lot-sizing with inventory bounds (Akbalik, Penz, & Rapine, 2015;
Melo & Ribeiro, 2017). The reader is referred to Brahimi, Absi, Dauze`re-Pe´re`s, and Nordli (2017);
Pochet and Wolsey (2006) for reviews on production planning problems.
Several works considered multi-plant lot-sizing problems with inter-plant transfers. Sambasivan
(1994) studied uncapacitated and capacitated lot-sizing problems in a multi-plant, multi-item,
multi-period environment in which inter-plant transfers are allowed. The authors have shown that
both problems are NP-hard. We remark, however, that the author’s work is not readily available for
an interested reader. Sambasivan and Schmidt (2002) considered the capacitated problem studied
in Sambasivan (1994) and proposed a heuristic procedure which starts with a solution for the
uncapacitated variant and uses a smoothing procedure to remove capacity violations. Nascimento,
Resende, and Toledo (2010) proposed a greedy randomized adaptive search procedure (GRASP)
metaheuristic with path-relinking to find cost-effective solutions for the same problem. Carvalho
and Nascimento (2016) considered the same problem and proposed a Lagrangian heuristic which
was able to outperform both a standard formulation implemented in a commercial solver and the
GRASP metaheuristic of Nascimento et al. (2010). Nascimento, Yanasse, and Carvalho (2018)
compared several mixed integer programming formulations for the very same problem. Carvalho
and Nascimento (2018) proposed a kernel search matheuristic for a multi-plant, multi-item, multi-
period capacitated lot-sizing problem with inter-plant transfers and setup carry-over.
Darvish, Larrain, and Coelho (2016) studied a real case which consists of a multi-plant produc-
tion planning and distribution problem for the simultaneous optimization of production, inventory
control, demand allocation and distribution decisions for delivery within promised time windows,
and proposed integer programming formulations for the problem. Other more general production
and distribution problems involving multiple plants in which the demands are associated to retailers
were studied in Park (2005); Melo and Wolsey (2012).
The main contribution of this paper is to establish the complexity of certain uncapacitated
multi-plant lot-sizing problems with inter-plant transfers which, to the best of our knowledge, are
not publicly available in the literature. In this way, we show that the single-item uncapacitated
multi-plant lot-sizing problem with a single period and the multi-item uncapacitated two-plant
lot-sizing problem with fixed transfer costs are NP-hard. Besides, as a consequence of the proven
results, a two-echelon multi-item lot-sizing with joint setup costs on transportation is also shown
to be NP-hard.
The remainder of this paper is organized as follows. Section 2 formally defines the multi-item
uncapacitated multi-plant lot-sizing problem with fixed transfer costs. In the later sections, we show
that two of its special cases are already NP-hard. Section 3 shows that the single-item uncapacitated
multi-plant lot-sizing problem with a single period is NP-hard. Section 4 demonstrates that the
multi-item uncapacitated two-plant lot-sizing with fixed transfer costs is NP-hard, which leads
to showing that the two-echelon multi-item lot-sizing with joint setup costs on transportation is
NP-hard. Concluding remarks are presented in Section 5.
2
2 The multi-item uncapacitated multi-plant lot-sizing problem
with fixed transfer costs
The multi-item uncapacitated multi-plant lot-sizing problem with fixed transfer costs (MIUMPLS)
can be formally defined as follows. Define I = {1, . . . , NI} to be a set of items, T = {1, . . . , NT}
to be a set of time periods, and P = {1, . . . , NP} to be a set of production plants. Let dipt be a
dynamic deterministic demand for each item i ∈ I in each plant p ∈ P that must be met at time
period t ∈ T , considering that no backorders are allowed. Consider fixed setup costs and unitary
production costs which are incurred to produce an item i ∈ I in plant p ∈ P at time period t ∈ T
(f ipt and c
ip
t , respectively). The unitary inventory holding cost of an item i ∈ I in plant p ∈ P at
time period t ∈ T is given by hipt . Unitary transfer cost of an item i ∈ I from plant p ∈ P to plant
l ∈ P , with p 6= l, at time period t ∈ T is given by riplt . Additionally, a transfer fixed cost F
pl
t
is incurred whenever items are transferred from plant p ∈ P to plant l ∈ P , with p 6= l, at time
period t. The problem thus consists in determining a production/transfer plan aiming to minimize
the total sum of setup, production, transfer, and inventory costs. It is assumed that there is no
initial storage.
In order to formally describe the problem as a mixed integer program, define variables xipt to
be the amount produced of item i ∈ I in plant p ∈ P at time period t ∈ T . Define variables sipt to
be the amount of item i ∈ I held in storage in plant p ∈ P at the end of time period t ∈ T . Let
variable wiplt define the amount of item i ∈ I transferred from plant p ∈ P to plant l ∈ P , with
p 6= l, at time period t ∈ T . Also, it is assumed that such transfer starts and ends at time period
t ∈ T . Consider the binary variable yipt defining whether the production of item i ∈ I occurs in
plant p ∈ P at time period t ∈ T . Lastly, define the binary variable Y plt to be equal to one if there
is transfer from plant p ∈ P to plant l ∈ P , with p 6= l, at time period t ∈ T and zero otherwise.
Furthermore, let M be a sufficiently large number. Using these defined variables, the problem can
be cast as the following mixed integer program
zMIUMPLS = min
∑
i∈I
∑
p∈P
∑
t∈T

cipt xipt + f ipt yipt + hipt sipt +
∑
l∈P,
l 6=p
r
ipl
t w
ipl
t

+
∑
p∈P
∑
l∈P,
l 6=p
∑
t∈T
F
pl
t Y
pl
t (1)
s
ip
t−1 + x
ip
t +
∑
l∈P,
l 6=p
w
ilp
t = s
ip
t +
∑
l∈P,
l 6=p
w
ipl
t + d
ip
t , for i ∈ I, p ∈ P, t ∈ T, (2)
x
ip
t ≤My
ip
t , for i ∈ I, p ∈ P, t ∈ T, (3)
w
ipl
t ≤MY
pl
t , for i ∈ I, p ∈ P, l ∈ P, t ∈ T, with p 6= l, (4)
x
ip
t , s
ip
t ≥ 0, for i ∈ I, p ∈ P, t ∈ T, (5)
w
ipl
t ≥ 0, for i ∈ I, p ∈ P, l ∈ P, t ∈ T, with p 6= l, (6)
y
ip
t ∈ {0, 1}, for i ∈ I, p ∈ P, t ∈ T, (7)
Y
pl
t ∈ {0, 1}, for p ∈ P, l ∈ P, t ∈ T, with p 6= l. (8)
The objective function (1) minimizes the total cost, which is composed of setup, production, storage
and transfer costs. Constraints (2) are inventory balance constraints and ensure that the demands
are met without backordering. Constraints (3) and (4) enforce the setup variables to one when-
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ever, respectively, production and transfer occur. Constraints (5)-(8) define the nonnegativity and
integrality requirements on the variables.
The decision version of the multi-item uncapacitated multi-plant lot-sizing problem with fixed
transfer costs asks whether there is a solution whose cost is at most K, where K is given as input.
3 NP-hardness of the single-item uncapacitated multi-plant lot-
sizing problem with a single period
In this section, we show that a special case of the multi-item uncapacitated multi-plant lot-sizing
problem with fixed transfer costs (MIUMPLS), namely, the single-item uncapacitated multi-plant
lot-sizing problem (UMPLS) with a single period, is NP-hard. This is achieved using a reduction
from the decision version of the uncapacitated facility location problem (UFL).
The uncapacitated facility location problem can be formally defined as follows. Consider a set
S = {1, . . . , NS} of potential facility locations, a set C = {1, . . . , NC} of clients, a fixed cost qj
to open facility j ∈ S, and a cost vlj of serving client l ∈ C from facility j ∈ S. The problem
consists in obtaining a subset S′ ⊆ S of the facilities to be opened and then to assign clients to
these facilities while minimizing the total cost, given as zUFL =
∑
j∈S′ qj +
∑
j∈S′
∑
l∈Cj
vlj , where
Cj represents the set of clients served by facility j.
The decision version of the uncapacitated facility location asks whether there is a subset S′ ⊆ S
that can be opened and the clients can be assigned to its facilities such that the total cost is at
most K ′′, where K ′′ is given as input.
Theorem 1. The single-item uncapacitated multi-plant lot-sizing problem with a single period is
NP-hard.
Proof. In the following, a polynomial transformation UFL∝UMPLS is presented. Given an instance
for the uncapacitated facility location, an instance for the single-item uncapacitated multi-plant lot-
sizing will be constructed as follows. Define a unique item and a single period, i.e., NI = NT = 1.
Create a set P = {1, . . . , NS,NS + 1, . . . , NS + NC} of plants, corresponding to every facility
in S = {1, . . . , NS} and every client in C = {1, . . . , NC}. For every plant associated with a
facility j ∈ S, set d1j
1
= 0, f1j
1
= qj and c
1j
1
= 0. For every plant associated with a client l ∈ C,
set d1,NS+l
1
= 1, and f1,NS+l
1
= c1,NS+l
1
= Ω, where Ω represents a very large value which is
polynomially bounded by the input size such as (maxj∈S qj +maxl∈C,j∈S vlj)× (NC +1). For each
pair {j, l}, such that j ∈ S and l ∈ C, set r1j,NS+l
1
= vlj and r
1,NS+l,j
1
= Ω. For each ordered
pair (j, j′), such that j, j′ ∈ S, with j 6= j′, set r1jj
′
1
= Ω and for each ordered pair (l, l′), such
that l, l′ ∈ C, with l 6= l′, set r1,NS+l,NS+l
′
1
= Ω. We now show that the UFL instance has a
solution with value at most K ′′ iff the UMPLS instance has a solution with value at most K ′′.
Firstly, consider a solution S′ for the UFL instance, in which each facility j ∈ S′ covers a set
of clients Cj, with cost K
′′ . Let the corresponding solution for UMPLS be (yˆ, xˆ, sˆ, wˆ) in which
yˆ
1j
1
= 1 and xˆ1j
1
=
∑
l∈Cj
d1l1 for j ∈ S
′, wˆ1jl
1
= 1 for each ordered pair (j, l) such that j ∈ S′
and l ∈ Cj , and all other variables are set to zero. Therefore, the cost of (yˆ, xˆ, sˆ, wˆ) is zˆUMPLS =∑
j∈S′
(
f
1j
1
yˆ
1j
1
+
∑
l∈Cj
r
1j,NS+l
1
wˆ
1j,NS+l
1
)
=
∑
j∈S′
(
qj +
∑
l∈Cj
vlj
)
= K ′′. On the other hand, let
(yˆ, xˆ, sˆ, wˆ) be an integral solution for the UMPLS instance with cost K. Note that for any solution
in which there are nonintegral w variables, there exists an integral solution at least as good as
this nonintegral one. We construct a solution for UFL as follows. Define S′ = {j ∈ S | yˆ1j
1
= 1}
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and, for each j ∈ S′ build the set Cj = {l ∈ C | wˆ
1j,NS+l
1
= 1}. The cost of such solution is thus
zˆUFL =
∑
j∈S′ qj +
∑
j∈S′
∑
l∈Cj
vlj =
∑
j∈S′
(
f
1j
1
yˆ
1j
1
+
∑
l∈Cj
r
1j,NS+l
1
wˆ
1j,NS+l
1
)
= K. Thus, the
result holds.
4 NP-hardness of the multi-item uncapacitated two-plant lot-sizing
problem with fixed transfer costs
In this section, we show that another special case of the multi-item uncapacitated multi-plant lot-
sizing problem with fixed transfer costs is NP-hard. More specifically, we prove that the decision
version of the joint-replenishment problem (JRP) can be reduced to the decision version of the multi-
item uncapacitated two-plant lot-sizing problem with fixed transfer costs (MIU2PLS), implying that
the optimization version of the latter is NP-hard.
The joint-replenishment problem can be formally defined as follows. Consider a set I =
{1, . . . , NI} of items, a set T = {1, . . . , NT} of periods, a demand d′it associated to every item
i ∈ I and period t ∈ T , a per item setup cost f ′it for producing item i ∈ I in period t ∈ T , a
joint setup cost F ′t if any item is produced in period t, a per unit production cost c
′i
t for i ∈ I and
t ∈ T , and inventory holding costs h′it for i ∈ I and t ∈ T . The problem consists in determining a
production plan minimizing the total sum of production and inventory costs.
In order to formally describe the problem as a mixed integer program, define variable x′it to be
the amount of item i ∈ I produced in period t ∈ T , y′it to be equal to one if production of item
i ∈ I occurs in period t ∈ T and to be equal to zero otherwise, Y ′t to be equal to one if production
of any item occurs in period t ∈ T and to be equal to zero otherwise, and s′it to be the amount of
item i ∈ I held in storage at time period t ∈ T . Additionally, let M be a sufficiently large number.
The joint-replenishment problem can be formulated as the mixed integer program
zJRP = min
∑
i∈I
∑
t∈T
(
c′it x
′i
t + f
′i
t y
′i
t + h
′i
t s
′i
t
)
+
∑
t∈T
F ′tY
′
t (9)
s′it−1 + x
′i
t = s
′i
t + d
′i
t , for i ∈ I, t ∈ T, (10)
x′it ≤My
′i
t , for i ∈ I, t ∈ T, (11)
y′it ≤ Y
′
t , for i ∈ I, t ∈ T, (12)
x′it , s
′i
t ≥ 0, for i ∈ I, t ∈ T, (13)
y′it ∈ {0, 1}, for i ∈ I, t ∈ T, (14)
Y ′t ∈ {0, 1}, for t ∈ T. (15)
The objective function (9) minimizes the total production and inventory costs. Constraints (10)
are balance constraints. Constraints (11) enforce the per item setup variables to one whenever a
given item is produced while constraints (12) imply that the joint setup variables are set to one
whenever any production occurs. Constraints (13)-(15) guarantee the nonnegativity and integrality
requirements on the variables. The decision version of JRP consists in determining whether there
is a solution with total cost at most K ′.
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Theorem 2. The multi-item uncapacitated two-plant lot-sizing problem with fixed transfer costs is
NP-hard.
Proof. In what follows, a polynomial transformation JRP∝MIU2PLS is described. Given an in-
stance for the joint-replenishment problem, we construct an instance for the multi-item uncapaci-
tated two-plant lot-sizing problem with fixed transfer costs as follows. Each item i ∈ I of JRP is
associated to an item in MIU2PLSP. Each time period t ∈ T of JRP is linked to a time period of
MIU2PLSP. For plant p = 1, set di1t = 0, f
i1
t = f
′i
t , c
i1
t = c
′i
t , r
i12
t = 0, h
i1
t = Ω for every i ∈ I
and t ∈ T , and F 12t = F
′
t for every t ∈ T , considering Ω to represent a very large number which is
polynomially bounded by the input size such as (maxi∈I,t∈T f
′i
t +maxi∈I,t∈T c
′i
t +maxi∈I,t∈T h
′i
t +
maxt∈T F
′
t)× (NT +1). For plant p = 2, set d
i2
t = d
′i
t, f
i2
t = c
i2
t = r
i21
t = Ω, h
i2
t = h
′i
t for every i ∈ I
and t ∈ T , and F 21t = Ω for every t ∈ T . We now show that the JRP instance has a solution with
value at most K ′ iff the MIU2PLS instance has a solution with value at most K ′. Considering a
feasible solution (yˆ′, Yˆ ′, xˆ′, sˆ′) for the JRP instance, we build a solution (yˆ, xˆ, sˆ, wˆ) for the MIU2PLS
instance as follows. For every item i ∈ I and every period t ∈ T , set yˆi1t = yˆ
′i
t, xˆ
i1
t = xˆ
′i
t, yˆ
i2
t = 0,
xˆi2t = 0, sˆ
i1
t = 0, sˆ
i2
t = sˆ
′i
t, wˆ
i12
t = xˆ
′i
t, wˆ
i21
t = 0. Additionally, for every period t ∈ T , set Yˆ
12
t = yˆ
′
t
and Yˆ 21t = 0. The cost of this solution is
zˆMIU2PLS =
∑
i∈I
∑
p∈P
∑
t∈T

cipt xˆipt + f ipt yˆipt + hipt sˆipt +
∑
l∈P,
l 6=p
r
ipl
t wˆ
ipl
t

+
∑
p∈P
∑
l∈P,
l 6=p
∑
t∈T
F
pl
t Yˆ
pl
t
=
∑
i∈I
∑
t∈T
(
ci1t xˆ
i1
t + f
i1
t yˆ
i1
t + h
i2
t sˆ
i2
t
)
+
∑
t∈T
F 12t Yˆ
12
t
=
∑
i∈I
∑
t∈T
(
c′it xˆ
′i
t + f
′i
tyˆ
′i
t + h
′i
tsˆ
′i
t
)
+
∑
t∈T
F ′t Yˆ
′
t
=K ′.
Now, considering a feasible solution (yˆ, Yˆ , xˆ, sˆ, wˆ) for the MIU2PLS instance with finite objective
value K, we build a solution (yˆ′, Yˆ ′, xˆ′, sˆ′) for the JRP instance as follows. For every item i ∈ I and
period t ∈ T , let yˆ′it = yˆ
i1
t , xˆ
′i
t = xˆ
i1
t , sˆ
′i
t = sˆ
i2
t . Furthermore, for each period t ∈ T , let yˆ
′
t = Yˆ
12
t .
The cost of such solution is
zˆJRP =
∑
i∈I
∑
t∈T
(
c′it xˆ
′i
t + f
′i
tyˆ
′i
t + h
′i
tsˆ
′i
t
)
+
∑
t∈T
F ′t Yˆ
′
t
=
∑
i∈I
∑
t∈T
(
ci1t xˆ
i1
t + f
i1
t yˆ
i1
t + h
i2
t sˆ
i2
t
)
+
∑
t∈T
F 12t Yˆ
12
t
=K.
Therefore, the result holds.
The reduction shown in Theorem 2 implies the following corollary.
Corollary 3. The two-echelon multi-item lot-sizing problem with joint setup costs on transportation
is NP-hard.
We remark that Corollary 3 complements the result which shows that the two-echelon multi-
item lot-sizing problem with joint setup costs on production is NP-hard, as it was shown to be
equivalent to the one-warehouse multi-retailer problem in Cunha and Melo (2016b).
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5 Concluding remarks
In this paper, we investigated the computational complexity of uncapacitated multi-plant lot-sizing
problems which present simple structure and yet contain fundamental characteristics of practical
supply chains. We have shown that the single-item uncapacitated multi-plant lot-sizing problem
with a single period is NP-hard. Furthermore, we have proved that the multi-item uncapacitated
two-plant lot-sizing problem with fixed transfer costs is NP-hard. As a direct consequence of the
presented proofs, we have also demonstrated that the two-echelon multi-item lot-sizing with joint
setup costs on transportation is NP-hard.
Acknowledgments: Work of Rafael A. Melo was supported by the State of Bahia Research Foundation
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